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Using a quadratic APN function f on GF(2d+1), Yoshiara (2009) [15]
constructed a d-dimensional dual hyperoval S f in PG(2d + 1,2). In
Taniguchi and Yoshiara (2005) [13], we prove that the dual of S f ,
which we denote by S⊥f , is also a d-dimensional dual hyperoval if
and only if d is even. In this note, for a quadratic APN function
f (x) = x3 + Tr(x9) on GF(2d+1) by Budaghyan, Carlet and Leander
(2009) [2], we show that the dual S⊥f and the transpose of the dual
S⊥Tf are not isomorphic to the known bilinear dual hyperovals if d
is even and d 6.
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1. Introduction
Let m and d be integers with m > d  2. Let PG(m,q) be an m-dimensional projective space over
the ﬁnite ﬁeld GF(q) consisting of q-elements.
A family S of d-dimensional subspaces of PG(m,q) is called a d-dimensional dual hyperoval in
PG(m,q) if it satisﬁes the following conditions:
(1) any two distinct members of S intersect in a projective point,
(2) any three mutually distinct members of S intersect trivially,
(3) the union of the members of S generates PG(m,q), and
(4) there are exactly qd + qd−1 + · · · + q + 2 members of S .
E-mail address: taniguchi@dg.kagawa-nct.ac.jp.1071-5797/$ – see front matter © 2011 Elsevier Inc. All rights reserved.
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in [7]. We refer to the space PG(m,q) of (3) above as the ambient space of the dual hyperoval S .
For d-dimensional dual hyperovals S1 and S2 in PG(m,q), we say that S1 is isomorphic to S2 by the
mapping Φ , if Φ is a linear automorphism of PG(m,q) which sends the members of S1 onto the
members of S2. If S1 = S2 := S , we say that Φ is an automorphism of S .
The 2-dimensional dual hyperovals over GF(2) have been classiﬁed by Del Fra [3]. In this article,
we assume that q = 2 and d 3.
Let K := GF(2d+1). Let K× be the multiplicative group of K . Let us deﬁne a multiplication
K × K  (x, y) → x ∗ y ∈ K which satisﬁes the right and left distributive law. We assume that the
multiplication ∗ also satisﬁes the following conditions (i) and (ii):
(i) for any t ∈ K× , there exists a unique x ∈ K× such that x ∗ t = 0, and
(ii) for any x ∈ K× , there exists a unique t ∈ K× such that x ∗ t = 0.
These conditions (i) and (ii) are not equivalent. In fact, for x ∗ t := xσ t + xtτ where σ and τ are
elements in the Galois group Gal(K/GF(2)) of K over GF(2), (i) implies that σ is a generator of
Gal(K/GF(2)), and (ii) implies that τ is a generator.
Let φ be the one-to-one mapping from K to itself such that φ(0) = 0 and φ(t) ∗ t = 0 for all t ∈ K .
Property (i) guaranties that φ is a function and property (ii) that it is a bijection.
Let S := {X(t) | t ∈ K } be a set of d-subspaces in PG(2d + 1,2) = (K × K )\{(0,0)}, where X(t) :=
{(x, x ∗ t) | x ∈ K×} ⊂ (K × K )\{(0,0)}. Since the multiplication ∗ satisﬁes (i), for any distinct s, t ∈ K× ,
the intersection X(s) ∩ X(t) is a unique projective point:
X(s) ∩ X(t) = (φ(s + t),φ(s + t) ∗ s)= (φ(s + t),φ(s + t) ∗ t).
Since the multiplication ∗ satisﬁes (ii), no three mutually distinct members of S have a common
point. Since the cardinality |S| = |K | = 2d+1, we see that S is a d-dimensional dual hyperoval inside
PG(2d+ 1,2). Moreover, S has the translation automorphisms ta for any a ∈ K deﬁned by ta : K × K 
(x, y) → (x, y + x ∗ a) ∈ K × K , which send X(t) to X(t + a) for any t ∈ K , since ta maps any member
(x, x ∗ t) of X(t) to a member (x, x ∗ t + x ∗ a) = (x, x ∗ (t + a)) of X(t + a).
We refer to the dual hyperoval S as a bilinear dual hyperoval, since x∗ t is GF(2)-bilinear function
on x and t . The above construction of a bilinear dual hyperoval is an analogy of the construction
of a spread set from a semiﬁeld. Note that there are non-bilinear d-dimensional dual hyperovals in
PG(2d+ 1,2). See [10,11,13]. Recently, Edel studied on the representations of bilinear dual hyperovals
in Section 5 of [5].
We recall Knuth’s S3 (the symmetric group of order 6) on semiﬁelds, which is generated by two
involutional operations: One reverses the order of multiplication (y ∗ x instead of x ∗ y), the other
replaces the spread sets by their duals under the symplectic bilinear form. So, he deﬁned the trans-
pose π T and the dual π D for the semiﬁeld plane π in [8], and studied on six members π , π T , π D ,
π T D , π DT and π T DT . (Also see [1].)
As an analogy of Knuth’s S3, we deﬁne the transpose ST and the dual S⊥ for a bilinear dual
hyperoval S as follows: We deﬁne the transpose of S as ST := {XT (t) | t ∈ K }, where XT (t) := {(x, t ∗
x) | x ∈ K×}. Let Tr be the trace function from K to GF(2). We deﬁne the dual of S under the non-
degenerate symplectic bilinear form (K × K )× (K × K )  ((s, y), (x, t)) → Tr(yx+ st) ∈ GF(2) as S⊥ :=
{X⊥(t) | t ∈ K }, where X⊥(t) := {(s, y) | Tr(yx + s(x ∗ t)) = 0 for any x ∈ K }. Unfortunately, S⊥ is not
always a dual hyperoval. (See Theorem 1.) However, if S⊥ is a dual hyperoval, then S⊥ is also a
bilinear dual hyperoval. (See Proposition 7 of [5].) On the other hand, ST is always a bilinear dual
hyperoval.
Now, we are able to consider the six members S , ST , S⊥ , ST⊥ , S⊥T and ST⊥T . We also think that
the method of cubical array in [8] will be useful on the study of bilinear dual hyperovals. The cubical
array {Ci, j,k} is just a representation of the GF(2)-bilinear mapping x ∗ t with respect to some chosen
basis {e0, e1, . . . , ed}, that is, ∑k Ci, j,kek = ei ∗ e j . By permuting the roles of the indices of {Ci, j,k}, we
get the GF(2)-bilinear mappings that generate ST , S⊥ , etc. However, we will not go further on the
relation between bilinear dual hyperovals and the cubical arrays in this paper.
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the Andre–Bruck–Bose construction of the semiﬁeld plane from the spread.
By now, any known bilinear dual hyperoval belongs to the following two families. The ﬁrst family
consists of the bilinear dual hyperovals with x ∗ t := xσ t + xtτ , where σ and τ are generators of
Gal(K/GF(2)) with στ 
= id. This family is studied by Yoshiara in [14]. We refer to the member of this
family as a Yoshiara’s bilinear dual hyperoval.
We call a function f on K Almost Perfect Nonlinear (APN) if, for every a 
= 0 and every b in K ,
the equation f (x + a) + f (x) = b admits at most two solutions. We also call f on K as quadratic if
f (x+ t) + f (x) + f (t) + f (0) is GF(2)-bilinear on x and t . Two functions f and g on K are extended
aﬃne equivalent if, there exist aﬃne permutations A1 and A2 and an aﬃne mapping A on K such
that f (x) = A2(g(A1(x))) + A(x) for any x in K .
In the second family of bilinear dual hyperovals, x ∗ t is deﬁned as x ∗ t := f (x + t) + f (x) +
f (t) + f (0), where f is a quadratic APN function. This construction was also discovered by Yoshiara
in [15]. We note that, in the second family, x ∗ t is an alternating mapping on x and t , that is, t ∗ t = 0
for any t ∈ K (hence we have x ∗ t = t ∗ x). For several geometric approaches to APN functions other
than dual hyperovals, see [9].
In Theorem 2, we present bilinear dual hyperovals which do not belong to the above families.
In this paper, since we have to distinguish several types of bilinear mappings x ∗ t , from now on,
we denote this bilinear map by B(x, t) instead of x ∗ t , and the corresponding dual hyperoval by SB
instead of S . Also, we write by φB instead of φ. If B is an alternating mapping, we write by A(x, t)
for B(x, t), and by A f (x, t) if the alternating mapping A is from a quadratic APN function f , that is,
if A(x, t) = f (x+ t) + f (x) + f (t) + f (0). We call S A an alternating bilinear dual hyperoval, and S A f
an APN dual hyperoval.
Edel proved in Theorem 1 of [4] that S A is isomorphic to S A f for some quadratic APN function f .
Moreover, he proved in Theorem 1 of [4] that, for quadratic APN functions f and g , dual hyper-
ovals S A f and S Ag are isomorphic if and only if f and g are extended aﬃne equivalent.
If SB is a bilinear dual hyperoval and S⊥B is a dual hyperoval, all the members STB , S⊥B , SB T⊥ ,
SB⊥T and SB T⊥T are bilinear dual hyperovals. We denote the bilinear mappings which deﬁne the
above bilinear dual hyperovals by BT , B⊥ , BT⊥ , B⊥T and BT⊥T respectively. Thus we have STB = SBT ,
S⊥B = SB⊥ , SB T⊥ = SBT⊥ , SB⊥T = SB⊥T and SB T⊥T = SBT⊥T . Since BT (x, t) = t ∗ x for B(x, t) = x ∗ t , for
a Yoshiara’s bilinear dual hyperoval SB with B(x, t) = xσ t + xtτ , the transpose STB is also a Yoshiara’s
bilinear dual hyperoval with BT (x, t) = xτ t + xtσ . As for an alternating bilinear dual hyperoval S A , the
transpose is STA = S A since AT = A.
We proved the following theorem in [12].
Theorem 1. Let f be a quadratic APN function on K . Then, S⊥A f is a d-dimensional dual hyperoval in PG(2d +
1,2) if, and only if, d is even.
Hence, if d is even, we have d-dimensional bilinear dual hyperovals S⊥A f = S A⊥f and S
⊥T
A f
= S A⊥Tf
for any quadratic APN functions f on K by Proposition 7 of [5].
A problem is whether the bilinear dual hyperoval S⊥A f or S
⊥T
A f
belongs to the known families, or
not. We will see that S⊥A f and S
⊥T
A f
do not belong to the known families for f (x) := x3 + Tr(x9) with
d  6 and d even by proving the following facts: (1) if SB is isomorphic to some alternating bilinear
dual hyperoval S A , then φB must be a GF(2)-linear mapping (Proposition 3), (2) φA⊥f
and φA⊥Tf
are not
GF(2)-linear mapping for f (x) = x3 + Tr(x9) (Lemmas 12 and 13), and (3) if S⊥A f or S⊥TA f is isomorphic
to some Yoshiara’s bilinear dual hyperovals, then f must be extended aﬃne equivalent to a Gold
function (Corollaries 5 and 9).
Thus, we prove the following theorem.
Theorem 2. Let d be even. Let f (x) := x3 + Tr(x9) be the quadratic APN function on K = GF(2d+1) discovered
by Budaghyan, Carlet and Leander in [2]. Then, the bilinear dual hyperovals S⊥A f and S
⊥T
A f
are not isomorphic
to any bilinear dual hyperoval of Yoshiara or APN type if d 6.
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g(x) = x3 if d = 5. (See [6].) Hence S A f is isomorphic to Yoshiara’s bilinear dual hyperoval SB with
B(x, t) := x4t + xt4 if d = 4, and B(x, t) := x2t + xt2 if d = 5 by Theorem 1 of [4]. By Lemma 6 and
Example 8, we see that S⊥A f and S
⊥T
A f
are isomorphic to Yoshiara’s bilinear dual hyperoval SB with
B(x, t) := x8t + xt16 and B(x, t) := x16t + xt8 respectively if d = 4. If d = 5, S⊥A f and S⊥TA f are not a dual
hyperovals by Theorem 1.
2. A condition that SB is isomorphic to some S A
The isomorphism problem of alternating bilinear dual hyperovals was solved by Edel in [4]. The
following proposition will be a step to investigate the isomorphism problem of bilinear dual hyper-
ovals.
Proposition 3. A bilinear dual hyperoval SB is isomorphic to some alternating bilinear dual hyperoval S A if
and only if φB is a GF(2)-linear mapping.
Proof (If part). Assume that φB is GF(2)-linear. Let Φ be a linear automorphism of K × K deﬁned by
Φ : K × K  (x, z) → (φ−1B (x), z) ∈ K × K .
Then, if we put φ−1B (x) := y, we have
Φ
(
XB(t)
)= {(φ−1B (x), B(x, t)) ∣∣ x ∈ K×}= {(y, B(φB(y), t)) ∣∣ y ∈ K×}.
Let us set A(y, t) := B(φB(y), t). Since φB(y) is linear by assumption, A(y, t) is bilinear on y and t .
It is easy to see that A(y, t) satisﬁes the conditions (i) and (ii). Moreover, A(t, t) = B(φB(t), t) = 0,
hence A(y, t) is an alternating mapping. By the mapping Φ , we see that SB is isomorphic to S A :=
{XA(t) | t ∈ K }, where XA := {(y, A(y, t)) | y ∈ K×}. 
As for the ‘only if part’, the proof is easy if an isomorphism from SB to S A is given by Φ : K × K 
(x, y) → (F (x), H(y)) ∈ K × K for GF(2)-linear mappings F and H . (In this case, Φ ﬁxes the subspace
Y := {(0, y) | y ∈ K }. Then see Deﬁnition 3 and Theorem 1 of [4].) However, as in the following proof,
we have to assume that Φ(x, y) = (F (x) + G(y), H(y)) using a GF(2)-linear mapping G . So, we need
a long argument to eliminate G .
Proof (Only if part). Let Φ be a linear mapping which sends SB to S A . Since S A has a translation ta
for a ∈ K as an automorphism, we may assume that Φ(XB(0)) = XA(0). (Assume that Φ(XB(0)) =
XA(a) for some a 
= 0. Then if we use ta(Φ((x, y))) for Φ((x, y)), we have ta(Φ(XB(0))) = ta(XA(a)) =
XA(0).) By assumption, Φ ﬁxes the vector spaces XB(0) ∪ {(0,0)} = XA(0) ∪ {(0,0)} = {(x,0) | x ∈ K }.
Hence the GF(2)-linear mapping Φ is represented as
Φ : K × K  (x, y) → (F (x) + G(y), H(y)) ∈ K × K
where F , G and H are GF(2)-linear mappings from K to K . Since Φ is a GF(2)-linear automorphism,
F and H are GF(2)-linear bijections.
Let A1(x, t) := H−1(A(F (x), F (t))). Then A1 is an alternating bilinear mapping which also satis-
ﬁes (i) and (ii). It is easy to see that the dual hyperovals S A and S A1 are isomorphic by Φ
′ : K × K 
(x, y) → (F−1(x), H−1(y)) ∈ K × K . Now SB is isomorphic to S A1 by the mapping
Φ1 : K × K  (x, y) →
(
x+ G1(y), y
) ∈ K × K ,
214 H. Taniguchi / Finite Fields and Their Applications 18 (2012) 210–221where G1(y) = F−1(G(y)). So without loss of generality, we may assume A = A1, Φ = Φ1 and G = G1.
From now on, we assume that SB is isomorphic to S A by the mapping Φ((x, y)) = (x+ G(y), y).
Since Φ maps every members of SB onto the members of S A , there exists a one-to-one mapping
g : K → K such that
Φ : SB  XB(t) → XA
(
g(t)
) ∈ S A
for any t ∈ K . Then, since XA(g(t)) := {(y, A(y, g(t))) | y ∈ K×}, we have
Φ : XB(t) 
(
x, B(x, t)
) → (x+ G(B(x, t)), B(x, t))
= (x+ G(B(x, t)), A(x+ G(B(x, t)), g(t))) ∈ XA(g(t)).
Hence, for any x, t ∈ K , we see from the second coordinate of XA(g(t)) that
B(x, t) = A(x+ G(B(x, t)), g(t)). (1)
Let us substitute x by φB(t). In this proof, we denote φB(t) simply by φ. Then, since B(φ(t), t) = 0,
we have A(φ(t), g(t)) = 0 by (1). Since Φ(XB(0)) = XA(0), we have g(0) = 0. Since g is a one-to-one
mapping from K to K , we have g(t) 
= 0 if t 
= 0. Then, since A is an alternating mapping with the
conditions (i) and (ii), we obtain from A(φ(t), g(t)) = 0 that
g(t) = φ(t). (2)
Let t1 and t2 be elements in K with t1 
= t2. If XB(t1) ∩ XB(t2)  (x, B(x, t1)) = (x, B(x, t2)), then
B(x, t1 + t2) = 0, hence we have x = φ(t1 + t2) as x 
= 0. If XA(φ(t1)) ∩ XA(φ(t2))  (x, A(x, φ(t1))) =
(x, A(x, φ(t2))), then A(x, φ(t1) + φ(t2)) = 0, hence we have x = φ(t1) + φ(t2) as A is an alternating
mapping. Since Φ maps the projective point XB(t1) ∩ XB(t2) to the projective point XA(φ(t1)) ∩
XA(φ(t2)), we have, for i = 1,2,
Φ
((
φ(t1 + t2), B
(
φ(t1 + t2), ti
)))= (φ(t1) + φ(t2), A(φ(t1) + φ(t2),φ(ti))). (3)
Since Φ((x, y)) = (x+ G(y), y), we see from the ﬁrst coordinate of (3) and (2) that
φ(t1) + φ(t2) = φ(t1 + t2) + G
(
B
(
φ(t1 + t2), ti
))
(4)
for i = 1,2. Hence we have
α(x, t) := G(B(φ(x), t))= φ(x+ t) + φ(x) + φ(t), (5)
which is alternating and linear on t , therefore we see that α(x, t) is an alternating bilinear mapping.
In particular, φ is quadratic.
Recall the deﬁnition of Φ as
Φ
((
x, B(x, t)
))= (x+ G(B(x, t)), B(x, t)).
Let us substitute x by φ(x). Then, by (1) and (2), the second coordinate of Φ((φ(x), B(φ(x), t))) is
calculated as follows:
B
(
φ(x), t
)= A(φ(x+ t) + φ(t),φ(t))= A(φ(x+ t),φ(t)). (6)
Now, for x and y ∈ K , let z ∈ K which satisﬁes that
φ(x) + φ(y) = φ(z). (7)
We want to prove that z = x+ y.
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A(φ(y + t) + φ(t),φ(t)) = A(φ(z + t) + φ(t),φ(t)), that is,
A
(
φ(x+ t) + φ(y + t) + φ(z + t) + φ(t),φ(t))= 0.
Since A is an alternating mapping, we have
φ(x+ t) + φ(y + t) + φ(z + t) =
{
φ(t), or
0.
(8)
Since φ is a quadratic function, we have
φ(x+ y + z) + φ(x+ y) + φ(y + z) + φ(z + x) + φ(x) + φ(y) + φ(z) = 0 (9)
and (if we substitute x by x+ t , y by y + t and z by z + t in (9), we have)
φ(x+ y + z + t) + φ(x+ y) + φ(y + z) + φ(z + x) + φ(x+ t) + φ(y + t) + φ(z + t) = 0. (10)
By (7) and (9), we have φ(x+ y)+ φ(y + z)+ φ(z+ x) = φ(x+ y + z). Then, by (8) and (10), we have
φ(x + y + z + t) = φ(x + y + z) + φ(t) or φ(x + y + z + t) = φ(x + y + z). Since φ is a one-to-one
mapping, for any t , we must have
φ(x+ y + z + t) = φ(x+ y + z) + φ(t).
Let x+ y + z := a. Then, for any t , we have
φ(a + t) = φ(a) + φ(t). (11)
If a = 0 for any x and y, then we have φ(x) + φ(y) = φ(x + y) for any x and y by (7), hence we
proved that φ is GF(2)-linear.
We assume that, there exists a := x+ y + z 
= 0 with φ(x) + φ(y) + φ(z) = 0.
Since B(φ(a), t1) + B(φ(a), t2) = B(φ(a), t1 + t2), by (6), we have
A
(
φ(a + t1) + φ(t1),φ(t1)
)+ A(φ(a + t2) + φ(t2),φ(t2))
= A(φ(a + t1 + t2) + φ(t1 + t2),φ(t1 + t2)).
By (11), we have φ(a+t1)+φ(t1) = φ(a), φ(a+t2)+φ(t2) = φ(a) and φ(a+t1+t2)+φ(t1+t2) = φ(a)
for any t1 and t2, hence we have
A
(
φ(a),φ(t1)
)+ A(φ(a),φ(t2))= A(φ(a),φ(t1 + t2)),
that is,
A
(
φ(a),φ(t1) + φ(t2) + φ(t1 + t2)
)= 0.
Since φ(a) 
= 0, for any t1 and t2, we have
φ(t1) + φ(t2) =
{
φ(t1 + t2) or
φ(t1 + t2) + φ(a) = φ(t1 + t2 + a). (12)
(We have φ(t1 + t2) + φ(a) = φ(t1 + t2 + a) by (11).)
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= 0 for some x, y and z with φ(x) + φ(y) + φ(z) = 0 such that
a 
= a′ , and if there exist t1 and t2 such that φ(t1) + φ(t2) 
= φ(t1 + t2), then we obtain from (12) that
φ(t1) + φ(t2) = φ(t1 + t2) + φ(a) and also we have φ(t1) + φ(t2) = φ(t1 + t2) + φ(a′) by the same
calculation as above, which is a contradiction since φ(a) 
= φ(a′). Hence, if such an a 
= 0 exists, it
must be unique.
Now, we assume that there exists such an a 
= 0, and assume that there exist t1 and t2 such that
φ(t1) + φ(t2) = φ(t1 + t2) + φ(a).
Since d + 1 4, we are able to take x ∈ K = GF(2d+1) which satisﬁes that
x /∈ {0,a, t1, t2, t1 + t2, t1 + a, t2 + a, t1 + t2 + a}. (13)
Since B(φ(x), t1) + B(φ(x), t2) = B(φ(x), t1 + t2), using (6), we have
A
(
φ(x+ t1) + φ(t1),φ(t1)
)+ A(φ(x+ t2) + φ(t2),φ(t2))
= A(φ(x+ t1 + t2) + φ(t1 + t2),φ(t1 + t2)). (14)
By (12), there are two possibilities for each value φ(x + t1) + φ(t1), φ(x + t2) + φ(t2) and φ(x + t1 +
t2) + φ(t1 + t2). That is,
φ(x+ t1) + φ(t1) =
{
φ(x), or
φ(x) + φ(a),
φ(x+ t2) + φ(t2) =
{
φ(x), or
φ(x) + φ(a),
φ(x+ t1 + t2) + φ(t1 + t2) =
{
φ(x), or
φ(x) + φ(a).
We have to check the above eight cases to have a contradiction if we assume that a 
= 0. However,
since we are able to prove all the eight cases in the same way, we only give the proof of the case that
φ(x+ t1)+φ(t1) = φ(x)+φ(a), φ(x+ t2)+φ(t2) = φ(x), and φ(x+ t1 + t2)+φ(t1 + t2) = φ(x)+φ(a)
here, and omit the proofs of other cases. In our case, by (14), we have
A
(
φ(x) + φ(a),φ(t1)
)+ A(φ(x),φ(t2))= A(φ(x) + φ(a),φ(t1 + t2)).
Since A is bilinear, we have
A
(
φ(x),φ(t1) + φ(t2) + φ(t1 + t2)
)= A(φ(a),φ(t1) + φ(t1 + t2)).
Since φ(t1)+φ(t2) 
= φ(t1 + t2) by assumption, we must have φ(t1)+φ(t2) = φ(t1 + t2)+φ(a), hence
φ(t1) + φ(t2) + φ(t1 + t2) = φ(a), that is, φ(t1) + φ(t1 + t2) = φ(t2) + φ(a) = φ(t2 + a) by (12). From
A(φ(x),φ(a)) = A(φ(a),φ(t2 + a)), we have
A
(
φ(a),φ(x) + φ(t2 + a)
)= 0.
Hence we have φ(x) + φ(t2 + a) = 0 or φ(a). If φ(x) + φ(t2 + a) = 0, we have φ(x) = φ(t2 + a), hence
x = t2 + a. If φ(x) + φ(t2 + a) = φ(a), we have φ(x) = φ(t2 + a) + φ(a) = φ(t2) by (11), hence x = t2.
In each case, we have a contradiction with the assumption of (13) on x.
Therefore, we conclude that a := x + y + z = 0 if φ(x) + φ(y) + φ(z) = 0. Thus, we have φ(x) +
φ(y) = φ(x+ y) for any x and y, that is, φ is GF(2)-linear. 
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σ , τ are generators of Gal(K/GF(2)) with στ 
= id. If S B is isomorphic to some alternating bilinear dual
hyperoval S A , then σ = τ .
Proof. If SB is isomorphic to some alternating dual hyperoval S A , then φB(t) = t(τ−1)/(σ−1) must
be a GF(2)-linear function by Proposition 3. Since t(τ−1)/(σ−1) is a monomial, we have φB(ab) =
φB(a)φB(b) for a,b ∈ K with φB(0) = 0 and φB(1) = 1. Since φB(t) is a one-to-one mapping from K
to K , φB(t) must be an automorphism of K over GF(2). Hence we have t(τ−1)/(σ−1) = tμ for some
μ ∈ Gal(K/GF(2)). Let tσ = t2m , tτ = t2n and tμ = t2l for some integers l, m and n with 0 l < d + 1
and 0 < m,n < d + 1. Then, we have t(2n−1)/(2m−1) = t2l , therefore we have t2n−1 = t2l(2m−1) . Since
2l+m + 1 ≡ 2l + 2n (mod 2d+1 − 1), we must have l = 0, and m = n. Thus, we have σ = τ . That is,
B(x, t) = xσ t + xtσ . 
For a generator σ of Gal(K/GF(2)), the quadratic APN function g(x) := xσ+1 is called a Gold
function. Using this g , we have an alternating mapping Ag(x, t) = g(x + t) + g(x) + g(t) + g(0) =
(x + t)σ+1 + xσ+1 + tσ+1 = xσ t + xtσ . Hence, by Corollary 4, if a Yoshiara’s bilinear dual hyperoval
is isomorphic to some alternating bilinear dual hyperoval, then the Yoshiara’s bilinear dual hyperoval
must be an APN dual hyperoval S Ag with g(x) = xσ+1, a Gold function. (We will refer to S Ag as a
Gold dual hyperoval.) Thus, we have the following corollary.
Corollary 5. If an APN dual hyperoval S A f is isomorphic to some Yoshiara’s bilinear dual hyperoval, then f is
extended aﬃne equivalent to a gold function g(x) = xσ+1 for some generator σ of Gal(K/GF(2)).
Proof. Since S A f is isomorphic to S Ag by Corollary 4, where g(x) = xσ+1 for some generator σ of
Gal(K/GF(2)), we see from Theorem 1 of [4] that f is extended aﬃne equivalent to g . 
3. On isomorphisms of the duals of dual hyperovals
We ﬁx a non-degenerate inner product ( , ) of (2d+2)-dimensional vector space V over GF(2), that
is, we ﬁx a non-degenerate symmetric bilinear form over GF(2) from V × V to GF(2). For a subspace
X ⊂ PG(2d + 1,2) = PG(V ) = V \{0}, let X⊥ ⊂ PG(V ) be the subspace deﬁned by X⊥ := {x | (x, y) = 0
for any y ∈ X}.
Let Φ be a linear automorphism of PG(V ). We deﬁne the linear automorphism Φ⊥ of PG(V ) as
Φ⊥(X⊥) := Φ(X)⊥ for any subspace X ⊂ PG(V ).
For any d-dimensional subspace X ⊂ PG(2d + 1,2) = PG(V ), X⊥ is also a d-dimensional subspace
of PG(V ). Let S1 and S2 be d-dimensional dual hyperovals in PG(V ). Since each Si for i = 1,2 is
a collection of d-subspaces of PG(V ), we have a collection of d-subspaces S⊥i := {X⊥ | X ∈ Si} for
i = 1,2.
Now, we assume that S⊥1 and S⊥2 are also dual hyperovals, although they are not dual hyperovals
in general. (See Theorem 1.) Then, it is easy to see the following lemma and corollary. We omit the
proofs since they are consequences of the basic linear algebra.
Lemma 6. Let S1 and S2 be d-dimensional dual hyperovals in PG(2d + 1,2). Then a linear automorphism Φ
of PG(2d + 1,2) induces an isomorphism from S1 to S2 if, and only if, Φ⊥ induces an isomorphism from S⊥1
to S⊥2 .
For a d-dimensional dual hyperoval S in PG(2d+1,2), let Aut(S) be the automorphism group of S .
Then we have Φ ∈ Aut(S) if, and only if, Φ⊥ ∈ Aut(S⊥) by Lemma 6. Hence we have the following
corollary.
Corollary 7. The correspondence Aut(S)  Φ → Φ⊥ ∈ Aut(S⊥) induces an isomorphism from Aut(S) to
Aut(S⊥).
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In this section, we determine the duals of the Yoshiara’s bilinear dual hyperovals, and of the APN
dual hyperoval with quadratic APN function f (x) = x3 + Tr(x9) by Budaghyan, Carlet and Leander [2].
Example 8 (The dual of Yoshiara’s bilinear dual hyperoval). Let σ , τ be generators of Gal(K/GF(2)) with
στ 
= id. Let SB be a Yoshiara’s bilinear dual hyperoval with B(x, t) = xσ t + xtτ . Then, we have S⊥B :=
{X⊥B (u) | u ∈ K }, where
X⊥B (u) :=
{(
x, xσ
−1
u + xuστ ) ∣∣ x ∈ K×}.
If d is even, σ−1 and στ are both generators of Gal(K/GF(2)), hence S⊥B is a dual hyperoval in PG(2d+
1,2) by Yoshiara [14]. In this case, S⊥B is a bilinear dual hyperoval with B⊥(x,u) = xσ
−1
u + xuστ .
Proof. X⊥B (t) = {(x, y) | Tr(ys+ x(sσ t + stτ )) = 0 for any s ∈ K }. Now, Tr(ys+ x(sσ t + stτ )) = 0 for any
s ∈ K if and only if Tr((y + xtτ )s + xsσ t) = Tr((y + xtτ )s) + Tr(xtsσ ) = Tr(((y + xtτ )σ + xt)sσ ) = 0
for any s ∈ K , since Tr((y + xtτ )s) = Tr((y + xtτ )σ sσ ). By Tr(((y + xtτ )σ + xt)sσ ) = 0 for any s ∈ K ,
we have (y + xtτ )σ = xt . Hence, we have y = xσ−1u + xuστ if we put u := tσ−1 . Therefore, we have
X⊥B (u) = {(x, xσ
−1
u + xuστ ) | x ∈ K×}. 
Thus, we see that at least one of S := {SB , STB , S⊥B , ST⊥B , S⊥TB , ST⊥TB } is isomorphic to one of
Yoshiara’s bilinear dual hyperovals then any element of S is isomorphic to the Yoshiara’s bilinear
dual hyperoval if d is even. From Corollary 5, we have the following corollary.
Corollary 9. Let S := {SB , STB , S⊥B , SB T⊥, SB⊥T , SB T⊥T } and d be even. Let at least one of S be isomorphic to
an APN dual hyperoval. Then SB is isomorphic to one of Yoshiara’s bilinear dual hyperovals if and only if one
element of S is isomorphic to a Gold dual hyperoval.
Let f (x) = x3 + Tr(x9). Then we have A f (x, t) := f (x + t) + f (x) + f (t) + f (0) = x2t + xt2 +
Tr(x8t + xt8).
Example 10 (S⊥A f with the APN function f (x) = x3 + Tr(x9)). Let S A f be an APN dual hyperoval with a
quadratic APN function f (x) = x3 +Tr(x9), that is, a bilinear dual hyperoval with A f (x, t) = x2t+ xt2 +
Tr(x8t + xt8). Then, we have S⊥A f := {X⊥A f (u) | u ∈ K }, where
X⊥A f (u) :=
{(
x, xu4 + x2u16 + Tr(x)(u + u64)) ∣∣ x ∈ K×}.
If d is even, then S⊥A f is a dual hyperoval in PG(2d + 1,2) by Theorem 1, hence S⊥A f is a bilinear dual
hyperoval with A⊥f (x,u) = xu4 + x2u16 + Tr(x)(u + u64).
Proof. Let us denote x8 by xτ . Then, the equation Tr(ys + x(s2t + st2 + Tr(sτ t + stτ ))) = 0 is also
expressed as
Tr
(
ys + x
(
s2t + st2 +
∑
σ∈Gal(K/GF(2))
(
sτ t + stτ )σ
))
= 0.
Using this expression, we have Tr(ys + x(s2t + st2 + Tr(sτ t + stτ ))) = 0 for any s ∈ K if, and only if,
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((
y + xt2)s + xts2 + x ∑
σ∈Gal(K/GF(2))
(
sστ tσ + sσ tστ )
)
= Tr((y + xt2)s)+ Tr(xts2)+ ∑
σ∈Gal(K/GF(2))
(
Tr
(
xsστ tσ
)+ Tr(xsσ tστ ))
= Tr((y + xt2)s)+ Tr((xt)2−1 s)+ ∑
σ∈Gal(K/GF(2))
(
Tr
(
x(σ τ )
−1
tτ
−1
s
)+ Tr(xσ−1tτ s))
= Tr
(((
y + xt2)+ x2−1t2−1 + ∑
σ∈Gal(K/GF(2))
(
xσ
−1τ−1tτ
−1 + xσ−1tτ )
)
s
)
= Tr(((y + xt2)+ x2−1t2−1 + Tr(x)tτ−1 + Tr(x)tτ )s)= 0
for any s ∈ K . Recall the fact that, for α ∈ K , if Tr(αs) = 0 for any s ∈ K , then α must be 0. Hence,
from Tr(((y + xt2)+ x2−1t2−1 + Tr(x)tτ−1 + Tr(x)tτ )s) = 0 for any s ∈ K , we have (y + xt2)+ x2−1t2−1 +
Tr(x)tτ
−1 + Tr(x)tτ = 0, hence
y = xt2 + x2−1t2−1 + Tr(x)t8−1 + Tr(x)t8.
Now, let us put x′ := x2−1 and u := t8−1 , then since x = (x′)2, t2−1 = u4, t2 = u16 and t8 = u64, we
have
y = x′u4 + (x′)2u16 + Tr(x′)(u + u64).
Thus S⊥A f is a bilinear dual hyperoval with A
⊥
f (x
′,u) = x′u4 + (x′)2u16 + Tr(x′)(u + u64). 
By Example 10, we have a bilinear dual hyperoval SB with
B(x, t) = xt4 + x2t16 + Tr(x)(t + t64)
if d is even. We note that the dual S⊥B is isomorphic to the APN dual hyperoval S A f with a quadratic
APN function f (x) = x3 + Tr(x9) by Lemma 6.
Example 11 (S⊥TA f with f (x) = x3 +Tr(x9)). Let d be even. Then, since S⊥A f with A⊥f (x, t) = xt4 + x2t16 +
Tr(x)(t + t64) is a bilinear dual hyperoval as in Example 10, we see that the transpose S⊥TA f with
A⊥Tf (x, t) = x4t + x16t4 + Tr(t)(x+ x64) is also a bilinear dual hyperoval.
In the following Lemma 12 and Corollary 14, we prove that SB and STB for B(x, t) := A⊥f (x, t) and
BT (x, t) := A⊥Tf (x, t) are not isomorphic to any APN dual hyperoval.
Lemma 12. Let d be even. Then d-dimensional bilinear dual hyperoval SB with B(x, t) := xt4 + x2t16 +
Tr(x)(t + t64) is not isomorphic to any alternating bilinear dual hyperoval.
Proof. Let us consider the function φB : K → K with B(φB(t), t) = 0 of Proposition 3, where
B(x, t) := xt4 + x2t16 + Tr(x)(t + t64).
We assume that the dual hyperoval SB is isomorphic to some alternating dual hyperoval S A to have
a contradiction. By Proposition 3, we assume that φB is GF(2)-linear.
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= 0. Then from B(x, t) = 0 with t 
= 0, we have
x = φB(t) = 1/t12. Indeed, since Tr(x) = 0, we have B(x, t) = xt4 + x2t16 = 0, hence we have x = 1/t12.
Since t1 + t2 ∈ H for t1, t2 ∈ H , and since φB is GF(2)-linear by assumption, we have
1/t121 + 1/t122 = φB(t1) + φB(t2) = φB(t1 + t2) = 1/(t1 + t2)12.
However, from 1/t121 + 1/t122 = 1/(t1 + t2)12 with t1 
= t2, we easily see t71 + t72 = (t1 + t2)(t61 + t51t2 +
t41t
2
2 + t31t32 + t21t42 + t1t52 + t62) = 0, hence we have t71 = t72. Then, since (t2/t1)7 = 1 for any non-zero
t1, t2 ∈ φ−1B (H), we have {t2/t1 | t2 ∈ φ−1B (H)} ⊂ GF(23) for some non-zero t1 ∈ φ−1B (H). Since the
cardinality |K | = 2d+1 with d  3, we have |H| = |φ−1B (H)|  8. Hence, we must have d = 3, which
contradicts our assumption that d is even. Therefore, we conclude that φB is not GF(2)-linear. By
Proposition 3, we see that SB is not isomorphic to any alternating bilinear dual hyperoval. 
Lemma 13. A bilinear dual hyperoval SB is not isomorphic to any alternating bilinear dual hyperoval if and
only if the transpose STB is not isomorphic to any alternating bilinear dual hyperoval.
Proof. Let φBT be a bijective mapping from K to itself which satisﬁes that B
T (φBT (t), t) = 0 for
all t ∈ K . Since BT (x, y) = B(y, x), it follows from BT (φBT (t), t) = B(t, φBT (t)) = 0 for all t ∈ K that
φBT = φ−1B . Hence, φB is a GF(2)-linear bijection if and only if φBT is a GF(2)-linear bijection. There-
fore, we see that SB is not isomorphic to any alternating bilinear dual hyperoval if and only if STB is
not isomorphic to any alternating bilinear dual hyperoval by Proposition 3. 
Corollary 14. Let d be even. Then, d-dimensional bilinear dual hyperoval STB = SBT with BT (x, t) := x4t +
x16t2 + Tr(t)(x+ x64) is not isomorphic to any alternating dual hyperoval.
5. Proof of Theorem 2
We have to prove that, for f (x) = x3 + Tr(x9), the bilinear dual hyperovals S A⊥f := S
⊥
A f
and
S A⊥Tf
:= S⊥TA f are not isomorphic to an APN dual hyperovals and to Yoshiara’s bilinear dual hyperovals
for d  6, where A⊥f (x, t) = xt4 + x2t16 + Tr(x)(t + t64) and A⊥Tf (x, t) := x4t + x16t2 + Tr(t)(x + x64).
(See Examples 10 and 11.) Indeed, S A⊥f
and S A⊥Tf
are not isomorphic to any APN dual hyperoval by
Lemma 12 and Corollary 14, and S A⊥f
and S A⊥Tf
are not isomorphic to any Yoshiara’s bilinear dual hy-
peroval by Corollary 9, since the APN function f (x) = x3 + Tr(x9) is CCZ inequivalent, hence extended
aﬃne inequivalent, to a Gold function for d 6. (See Theorem 3 and Corollary 3 of Budaghyan, Carlet
and Leander [2].) 
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